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ON THE NONCOMMUTATIVE RIGIDITY OF THE MODULI STACK OF
STABLE POINTED CURVES
SHINNOSUKE OKAWA AND TARO SANO
Abstract. We investigate the second Hochschild cohomology of Mg,n, the moduli stack
of stable n-pointed genus g curves. For the cases when g = 0, we prove that the second
Hochschild cohomology vanishes if and only if n 6= 5. For the cases g > 0, assuming a conjec-
tural HKR isomorphism for smooth Deligne-Mumford stacks, we prove the vanishing for all
(g, n) except possibly for the 8 cases (g, n) = (4, 0), (3, 1), (3, 0), (2, 2), (2, 1), (2, 0), (1, 3), (1, 2).
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1. Introduction
It is proven in [Hac08, Theorem 2.1] that the moduli stack of stable n-pointed genus g
curves, which is denoted by Mg,n, is rigid over any field k of characteristic zero by showing
the vanishing of the first cohomology of the algebraic tangent bundle. The case g = 0 over
fields of positive characteristics is also discussed in [FM17].
In this paper we investigate the rigidity of Mg,n in a broader sense. Namely, we consider
flat deformations of the k-linear abelian category cohMg,n (we call them noncommutative
deformations as well).
The notion of flat deformations of abelian categories is systematically treated in [LVdB06].
In [LVdB05], it is shown that the deformation theory of abelian categories is controlled by
1
means of the Hochschild cohomology of the category. For a smooth proper algebraic variety
X over a field k of characteristic 0, it is
HHi(X) = HHi
k
(X) := HHi
k
(QcohX) ≃ ExtiX×kX(∆∗OX ,∆∗OX), (1.1)
where ∆: X →֒ X ×k X is the diagonal morphism. The last term of (1.1) is more explicitly
described, via the Hochschild-Kostant-Rosenberg isomorphism, as
HHi
k
(X) ≃
⊕
p+q=i
Hq(X,∧pΘX/k). (1.2)
Here ΘX/k =
(
Ω1X/k
)∨
is the locally free sheaf of algebraic vector fields on X over k.
According to [LVdB05], the second Hochschild cohomology
HH2(X) ≃ H0(∧2ΘX)⊕H1(ΘX)⊕H2(OX) (1.3)
classifies the first order deformations of the category cohX . The second term of the RHS cor-
responds to the deformations of X in the usual sense. Moreover when k = C, from the point
of view of the generalized complex geometry in the sense of Hitchin and Gualtieri [Hit03]
[Gua11], the RHS of (1.3) classifies the isomorphism classes of the first order deformations of
the generalized complex structure on the associated complex manifold Xan [Gua11, Section
5.3].
The first result of this paper is the following vanishing theorems for sheaf cohomology
groups on Mg,n.
Theorem 1.1. Suppose that k is of characteristic zero. Then
(1) H2
(
Mg,n,OMg,n
)
= 0 for any (g, n).
(2) H0
(
Mg,n,∧2ΘMg,n
)
= 0 for any (g, n) 6= (0, 5). For (g, n) = (0, 5), it is 6 dimen-
sional.
Recall that Mg,n is a scheme (not only a DM stack) if and only if g = 0. Therefore,
combined with the HKR decomposition (1.3) and [Hac08, Theorem 2.1], this immediately
implies
Corollary 1.2. Suppose that k is of characteristic zero. Then the abelian category cohM0,n
is rigid as an abelian category if and only if n 6= 5.
Since our proof of Theorem 1.1 relies on Kodaira type vanishing theorems, we exclusively
work over a field of characteristic zero. The first claim of Theorem 1.1 will be proven in
Theorem 3.2 of this paper. In fact it also follows from a stronger result [AC98, Theorem 2.2]
plus the Hodge decomposition for smooth proper Deligne-Mumford stacks (Lemma 2.8). Our
proof can be seen as a shortcut version of their arguments. The 2nd claim of Theorem 1.1
is a combination of Theorem 3.1 (for the case dimMg,n ≥ 3), Lemma 3.7 (the case (g, n) =
(0, 5)), and Proposition 3.9 (the case (g, n) = (1, 2)).
The proof of Theorem 3.1 is based on the inductive structure of the moduli stack Mg,n
(Lemma 2.13), ampleness of the log canonical bundle ωMg,n(B) (Proposition 2.12), and the
positivity of the ψ-classes (Lemma 2.11). For the sake of completeness of the proof, in
Section 2.1, we generalize the notion of orientation sheaf and some vanishing theorems of
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[DI87] to normal crossing pairs of Deligne-Mumford stacks after [Sat12]. This would be of
independent interest.
The proof of Theorem 3.2 is based again on the inductive structure, results established in
Section 2.1, and a vanishing theorem due to Harer on the rational homology groups of the
open substacks Mg,n ⊂Mg,n (3.6).
As we saw in Theorem 1.1, the case (g, n) = (0, 5) is exceptional in that there are noncom-
mutative deformations. We show in Lemma 3.8 the triviality of HH3(M 0,5), and hence the
unobstructedness of the deformations of cohM 0,5 (see [LVdB05, Theorem 3.1]). Together
with the vanishing HH1(M0,5) = 0, which is easy to check, we see that there should be
six dimensional non-singular moduli space of deformations of the category cohM 0,5. As a
matter of fact, we can construct global (i.e. not merely formal) family of such categories by
blowing up noncommutative projective planes in four points in the sense of [VdB01], since
M 0,5 is isomorphic to the blow up of P
2 in 4 points in a general position (note that there
is a unique such configuration up to the action of AutP2). It would be interesting to think
of the compactified moduli spaces of such categories using the methods of [AOU14]. From
the point of view of the generalized complex geometry, the holomorphic bivectors on M 0,5
are automatically Poisson so as to yield a six dimensional family of holomorphic Poisson
deformations of M
an
0,5 as generalized complex manifold (see [Gua11, Section 5.3]).
The HKR isomorphism for Deligne-Mumford stacks is more subtle than the case of schemes.
To the best of the authors’ knowledge, there is no general result available in the literature
except [ACH14], where the case of global quotients of schemes by finite groups is settled
(recall that any DM stack is e´tale locally of that form). In this paper we give a conjectural
HKR isomorphism (2.26) for arbitrary smooth DM stacks in Question 2.23, which is a formal
consequence of the plausible hypothesis (2.27) that the loop space of a smooth DM stack
is isomorphic to the shifted tangent bundle of the inertia stack. In the conjectural formula
(2.26), there are contributions to the Hochschild cohomology groups from the twisted sectors
of the inertia stack. Our second result of this paper is that those contributions from the
twisted sectors also vanish except possibly when g + n ≤ 4 and (g, n) 6= (1, 1) (there are 8
such cases).
Theorem 1.3. Suppose that k is of characteristic zero and g ≥ 1. Then the contributions
from the twisted sectors of IMg,n which appear in the conjectural HKR decomposition (2.26)
of HH2
(Mg,n) all vanish, except possibly for the 8 cases
(g, n) = (4, 0), (3, 1), (3, 0), (2, 2), (2, 1), (2, 0), (1, 3), (1, 2). (1.4)
The proof of Theorem 1.3 is rather involved. In Section 3.4, we classify the twisted sectors
of IMg,n of codimension at most two for all (g, n). Here we again use an inductive argument
for the classification, starting with the classification of those of codimension 0. The induction
steps are treated in Proposition 3.14 and Proposition 3.17, and the actual classifications are
given in Proposition 3.13 (codimension 0), Corollary 3.15 (codimension 1), and Corollary 3.18
(codimension 2) respectively. The general pattern is that there are twisted sectors which
appear commonly for almost all (g, n), and then there are exotic ones for smaller (g, n). In
principle we could continue our strategy to classify twisted sectors of all codimensions.
In Section 3.5 we prove the vanishing of the contributions from the twisted sectors of
common type. The main ingredient here are again the positivity of the normal bundles of
the boundary divisors of Mg,n and the inductive structures of Mg,n. Since we only have
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twisted sectors of common type in the cases g + n ≥ 5, there we can conclude the vanishing
of HH2
(Mg,n) (assuming the conjectural HKR isomorphism). By the dimension reason, we
can also settle M1,1.
For the remaining 8 cases (1.4), in Corollary 3.22 we explicitly describe the remaining
factors in the conjectural HKR decomposition of HH2
(Mg,n). We naively expect that those
remaining factors also vanish, but to show it we need to investigate the negativity of the
normal bundles of specific loci of Mg,n, such as the divisor of hyperelliptic curves in M3,0
and so on. We leave them as interesting open questions on the geometry ofMg,n for smaller
(g, n).
Finally, we point out that the rigidity ofMg,n as shown by Hacking is a first nontrivial case
of the Geometric syzygy principle due to Kapranov [Kap] (see also [Hac08, Introduction]). It
is interesting to ask if Corollary 1.2 and Theorem 1.3 have similar conceptual explanations.
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16K13746, 16H02141, 16K13743, 16K13755, 16H06337) and the Inamori Foundation. T.S.
was partially supported by JSPS KAKENHI Grant Numbers JP16K17573 and JP17H06127.
Notation and conventions. Throughout the paper, we work over an arbitrary field k.
The characteristic is assumed to be zero unless otherwise stated. An elliptic curve is a
smooth projective curve of genus 1 with a marked point, which will be tacitly assumed to
be the origin of the group structure. A negation of an elliptic curve is the automorphism
induced by the negation of the group structure. DM stands for Deligne-Mumford, and
HE stands for hyperelliptic. A Weierstrass point is a fixed point of a HE involution. The
Weierstrass divisor of M2,1 is the divisor whose general point represents a smooth curve of
genus 2 whose marked point is a Weierstrass point. For a DM stack X , ν : Xν → X denotes
its normalization. For a morphism f : X → Y of DM stacks, If : IX → IY denotes the
induced morphism between the inertia stacks.
2. Preliminaries
2.1. Logarithmic differential forms on Deligne-Mumford stacks. For a variety X
over k, the p-th exterior product of the sheaf of Ka¨hler differentials will be denoted by ΩpX .
Its double dual (ΩpX)
∗∗ will be denoted by Ω˜pX .
Lemma 2.1. Let Y be a smooth affine variety and G a finite group acting on Y . Let
X := Y/G be the quotient by the G-action and π : Y → X the quotient morphism. Then we
have a canonical isomorphism
Ω˜pX
∼−→ (π∗ΩpY )G,
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where the RHS is the G-invariant part of the coherent sheaf π∗Ω
p
Y .
Proof. This is a special case of [Bri98, Theorem 2]. Note that since G is finite, being hor-
izontal (see [Bri98, Introduction] for the definition) is an empty condition and π contracts
no divisor. 
Corollary 2.2. Let X be a smooth Deligne-Mumford stack separated over k which admits a
coarse moduli scheme c : X → X. Then there exist a natural isomorphism
Ω˜pX
∼−→ Rc∗ΩpX . (2.1)
Proof. The natural morphism c∗Ω
p
X → Rc∗ΩpX is an isomorphism by [AV02, Lemma 2.3.4].
In the rest we show that the canonical morphism c∗ : Ω˜pX → c∗ΩpX is an isomorphism.
By [AV02, Lemma 2.2.3], e´tale locally on X , the morphism c is of the form
c : [U/G]→ U/G. (2.2)
Here G is a finite group acting algebraically on a smooth affine variety U . Recall that
there exists a canonical equivalence of categories coh[U/G]
∼−→ cohG U and that, under this
equivalence, the pushforward functor c∗ : coh[U/G]→ cohU/G is identified with
cohG U → cohU/G; F 7→ (π∗F )G. (2.3)
Here π : U → U/G is the quotient morphism. Therefore, by applying Lemma 2.1 to F = ΩpU ,
we obtain the conclusion. 
Lemma 2.3. Let X be a smooth proper Deligne-Mumford stack over C. Then the Hodge
symmetry
dimHq(X ,ΩpX ) = dimHp(X ,ΩqX ) (2.4)
holds.
Proof. Let c : X → X be the morphism to the coarse moduli scheme. Since X is a proper
V -manifold which is bimeromorphic to a Ka¨hler manifold, the Hodge symmetry
dimHq(X, Ω˜pX) = dimH
p(X, Ω˜qX) (2.5)
holds for any (p, q) by [PS08, Theorem 2.43]. By Corollary 2.2 we obtain the isomorphisms
Hp(X, Ω˜qX) ≃ Hp(X,Rc∗ΩqX ) ≃ Hp(X ,ΩqX ), (2.6)
to conclude the proof. 
Next we define the notion of orientation sheaf for normal crossing pairs of Deligne-Mumford
stacks. In the case of varieties, this is originally introduced in [Del71, 3.1.4].
Definition-Proposition 2.4. Let (X ,D) be a normal crossing pair of a smooth Deligne-
Mumford stack X and a normal crossing divisor D on it. For each non-negative integer k,
let D(k) ⊂ X be the closed substack defined by the following rule;
• D(0) = X .
• D(1) = D.
• D(k) = SingD(k−1) for k > 1.
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Let ϕk : Dk → D(k) be the normalization. Take an atlas U → X such that D := D ×X U
is a SNC divisor. Set D(k) := D(k) ×X U , Dk := Dk ×X U and ϕkU : Dk → U the natural
morphism. Consider a locally constant sheaf EDk on D
k of finite sets of order k defined as
follows: for a connected open set W ⊂ Dk, let EDk(W ) be the set of irreducible components
of D which contain ϕkU(W ).
Let pi : U ×X U → U and pki : Dk ×Dk Dk → Dk be the projections for i = 1, 2. We define
the gluing isomorphisms φU12 : (p
k
2)
∗EDk
∼−→ (pk1)∗EDk as follows. Let EDk×DkDk be the local
system on Dk ×Dk Dk corresponding to the atlas U ×X U → X . Since p∗iD is canonically
isomorphic to D ×D D, we can define natural isomorphisms bi : EDk×
Dk
Dk
∼−→ (pki )∗EDk for
i = 1, 2. Then we set
φU12 := b1 ◦ b−12 : (pk2)∗EDk ∼−→ (pk1)∗EDk .
On the triple product Dk ×Dk Dk ×Dk Dk we can check the cocycle condition
p∗12φ
U
12 ◦ p∗23φU23 = p∗13φU13,
where pij : D
k ×Dk Dk ×Dk Dk → Dk ×Dk Dk is the projection to the i-th and the j-th
components for 1 ≤ i < j ≤ 3. Thus these data determines a local system EDk on Dk.
Consider the locally free sheaf FDk := O⊕EDkDk of rank k on Dk. Concretely, for each
connected open subset W ⊂ Dk we have the description
FDk(W ) =
⊕
∆∈E
Dk
(W )
ODk(W ) · e∆,
where e∆ is a formal basis corresponding to the irreducible component ∆. The gluing isomor-
phisms φU12 of EDk provides us with the canonical isomorphisms p
∗
2FDk ∼−→ p∗1FDk satisfying
the cocycle conditions.
Finally we define the orientation sheaf as the line bundle EDk := detFDk on Dk. One can
easily check E⊗2
Dk
≃ ODk . Since the local system ED1 is trivial, we have ED1 ≃ OD1.
Lemma 2.5. Let (X ,D) be a normal crossing pair of Deligne-Mumford stacks. Then for
each p ≥ 0 there exist the following exact sequences, which are isomorphic to each other.
0→ ΩpX (logD)(−D)→ ΩpX → ϕ1∗ΩpD1(ED1)
r1−→ ϕ2∗ΩpD2(ED2)
r2−→ · · · (2.7)
0→ ΘpX (− logD)→ ΘpX → ϕ1∗
(
Θp−1D1 (ED1)⊗ det
(ND1/X ))
→ ϕ2∗
(
Θp−2D2 (ED2)⊗ det
(ND2/X ))→ ϕ3∗ (Θp−3D3 (ED3)⊗ det (ND3/X ))→ · · · (2.8)
Proof. For each integer k, the restriction homomorphism
rk : ϕ
k
∗Ω
p
Dk
(EDk)→ ϕk+1∗ ΩpDk+1(EDk+1)
is defined as follows. Choose an atlas U → X on which D := D ×X U is a SNC divisor.
Denote by D =
⋃
i∈I Di the irreducible decomposition of D. Then D
k := Dk ×X U can be
written as
Dk =
∐
i1<···<ik
Di1...ik ,
where Di1...ik := Di1 ∩ · · · ∩Dik . Let λj,k : Di1...ik+1 → Di1...ij−1ij+1...ik+1 be the natural closed
immersion. Then we define
rUk : (ϕ
k
U)∗Ω
i
Dk(EDk)→ (ϕk+1U )∗ΩiDk+1(EDk+1)
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as the sum over j = 1, 2, . . . , k + 1 of the homomorphisms
λ∗j,k ⊗ (eDij∧) : λ∗j,kΩiDi1...ij−1ij+1...ik+1 (EDi1...ij−1ij+1...ik+1 )→ Ω
i
Di1...ik+1
(EDi1...ik+1 ),
where eDij ∈ FDk is the element corresponding to the irreducible component Dij of D.
We can check that p∗1r
U
k = p
∗
2r
U
k holds for the projections pi : U×X U → U by the construc-
tion of EDk . Hence we see that the homomorphism rk : ϕk∗ΩpDk(EDk) → ϕk+1∗ ΩpDk+1(EDk+1) is
well-defined, so as to obtain the sequence (2.7). The exactness follows from that on the atlas,
which is standard (cf. [Fuj09, p. 40]).
Finally, using the standard perfect pairing
ΩpX (logD)× Ωn−pX (logD)→ ωX (D), (2.9)
we obtain (2.8) from (2.7). 
Lemma 2.6. Let
F • = (· · · → 0→ F 0 → F 1 → · · · ) (2.10)
be a complex of sheaves on a Deligne-Mumford stack X . Then there exists the following
spectral sequence.
Ep,q1 = H
q(X , F p)⇒ Ep+q = Hp+q(X , F •) (2.11)
Proof. This is standard. For example, see [PS08, Lemma-Definition A.46]. 
We need the following variant of [DI87, Theorem 2.1] for a Deligne-Mumford stack.
Lemma 2.7. Let (X ,D) be a normal crossing pair of Deligne-Mumford stack over a perfect
field k of characteristic p > 0. Let S := Speck and F = FX/S : X → X ′ := X ×S,FS S be the
relative Frobenius morphism as explained in [Sat12, Section 1.1]. Let W2(k) be the ring of
truncated Witt vectors and S˜ := SpecW2(k).
(i) There is a unique isomorphism of graded OX ′-algebras
C−1 :
⊕
i≥0
ΩiX ′/S(logD′)→
⊕
i≥0
Hi(F∗Ω•X/S(logD))
such that C−1(d(x⊗ 1)) = xp−1dx.
(ii) Assume that there exists a lift (X˜ , D˜) of (X ,D) over S˜. Then there is an associated
isomorphism
ϕ :
⊕
i<p
ΩiX ′/S(logD′)→ τ<pF∗Ω•X/S(logD)
in the derived category of OX ′-modules such that Hi(ϕ) = C−1 for i < p.
Proof. The first claim is the logarithmic version of [Sat12, Corollary 2.2]. The original proof
literally works if we replace the Cartier isomorphism with its logarithmic version due to Katz
[Kat70, (7.2.4)].
The second claim for schemes is in [DI87, 4.2.3]. With a little more care, as we explain
next, the proof works for Deligne-Mumford stacks as well. Below we use the symbols of
[Sat12, Section 1.1].
Consider an e´tale cover U = {Ui} of the stack X such that Ui are affine. Let Di := D|Ui
and (U˜i, D˜i) a lift of (Ui, Di) over S˜ induced by (X˜ , D˜). Since U ′i are affine, as explained in
[EV92, Example 10.3], we obtain a lift F˜i := F˜Ui/S of FUi/S satisfying F˜
−1
i (D˜
′
i) = pD˜i. Thus
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we obtain the morphisms fi : Ω
1
U ′i/S
(logD′i) →
(
FUi/S
)
∗
Ω1Ui/S(logDi). Now, as pointed out
in [Sat12, Remark 1.4], the relative Frobenii commutes with e´tale morphisms. This ensures
that the homotopy maps “hij = F˜
∗
j − F˜ ∗i ” relating fj and fi are well defined. The rest of
the construction of ϕ works without change. 
Lemma 2.8. Let X be a smooth proper Deligne-Mumford stack over C and D ⊂ X a normal
crossing divisor. Then the spectral sequence
Ep,q1 := H
q(X ,ΩpX (logD))⇒ Hp+q(X ,Ω•X (logD)) ≃ Hp+q ((X \ D)an,C)
degenerates at E1. As a consequence, we have an isomorphism
H i((X \ D)an,C) ≃
⊕
q+p=i
Hq(X ,ΩpX (logD)) (2.12)
for any i ≥ 0.
Proof. When X is a scheme, this is proved in [DI87, Corollaire 4.2.4]. We can generalize this
to the case where X is a Deligne-Mumford stack by Lemma 2.7 and arguments as in [Sat12,
Corollary 1.7] and the proof of [Sat12, Lemma 1.9]. 
As an application we obtain the stacky and logarithmic generalization of the Kodaira-
Akizuki-Nakano vanishing theorem.
Definition-Proposition 2.9. Let X be a Deligne-Mumford stack which admits a coarse
moduli scheme p : X → X . Then for any line bundle L on X , there exists a positive integer
N such that L⊗N ≃ p∗L holds for some line bundle L on X .
We say that L has a property P if the descent L as above has the property P; here P
is a property of line bundles on schemes which depends only on the isomorphism classes of
Q-line bundles, such as ampleness.
Proposition 2.10. Let X be a smooth proper Deligne-Mumford stack of dimension d over
a perfect field k of characteristic p ≥ 0, D a normal crossing divisor on X , and L an ample
line bundle on X . Then we have
H i(X ,ΩjX (logD)(−D)⊗L) = 0 (2.13)
if i+ j > d(d, p), where
d(d, p) :=
{
sup(d, 2d− p) p > 0,
d p = 0.
(2.14)
Proof.
Step 1. Let us first consider the case D = ∅. Since we have Lemma 2.7, we can prove the
statement by the same arguments as in the proof of [DI87, Corollaire 2.8 (i)] when p > 0.
We can also prove the statement for p = 0 by the same arguments as in the proof of
[DI87, Corollaire 2.11]. Note that there exists an integral domain A of finite type over Z,
an injective homomorphism A →֒ k, and a smooth proper Deligne-Mumford stack Y over A
which pulls back to X over k as explained in [Sat12, Corollary 1.7].
Step 2. Applying Lemma 2.6 to the exact sequence (2.7) tensored with L, we obtain the
spectral sequence
Es,t1 = H
t(Ds,ΩjDs(EDs)⊗ (ϕs)∗L)⇒ Es+t = Hs+t(X ,ΩjX (logD)(−D)⊗L).
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Then for each (s, t) such that s + t = i, we have Es,t1 = 0. This follows from Step 1, since
EDs ⊗ (ϕs)∗L is ample and j + t = j + i − s > d(d, p)− s ≥ d(dimDs, p). Thus we obtain
Ei = 0 to conclude the proof.

2.2. Recap of Mg,n. We recall some standard facts about the moduli of stable pointed
curves. For statements without proofs, see [Hac08] and references therein.
Given a pair of integers (g, n) satisfying the three conditions
n ≥ 0, g ≥ 0, 2g − 2 + n > 0, (2.15)
we have the category Mg,n of stable n-pointed genus g curves fibered in groupoids over the
category (Sch/k). It is a smooth proper Deligne-Mumford stack of dimension 3g − 3 + n.
There exists the universal curve π : Ug,n → Mg,n, which itself is a smooth proper Deligne-
Mumford stack, and for i = 1, 2, . . . , n we denote by σi : Mg,n → Ug,n the section of π
representing the i-th marked point. With these notations, the ψ-line bundles on Mg,n are
defined as ψi := (σi)
∗ωpi for i = 1, 2, . . . , n.
Lemma 2.11. Suppose n > 0. Then for any i = 1, 2, . . . , n, the line bundles ψi are nef and
big.
Proof. For i = n, the assertion follows from [Hac08, Theorem 3.2 and Lemma 4.3] (see also
[Kee99, Section 4])). For other i, use the fact that the symmetry group Sn acts on Mg,n in
such a way that the transposition (i, n) sends ψi to ψn. 
There exists a closed substack B ⊂Mg,n representing singular stable pointed curves. It is
a reduced normal crossing divisor. The open substack of smooth pointed stable curves will
be denoted by Mg,n :=Mg,n \ B.
The coarse moduli space p : Mg,n → M g,n is a projective variety. When g = 0, the
morphism p is an isomorphism. The following positivity is an essential ingredient of our
proof of Theorem 3.1.
Proposition 2.12. For any (g, n) satisfying (2.15), the log canonical bundle ωMg,n(B) is
ample.
Proof. This is a special case of [Fed11, Theorem 4.1]. 
We also use the inductive nature of the boundary divisors.
Lemma 2.13. Let B′ be a connected component of the normalization B1 ։ B, and N be the
normal bundle of the morphism B′ →Mg,n. Then B′ is smooth and admits a finite surjective
e´tale morphism ρ : C′ ։ B′ which satisfies one of the following properties.
(i) C′ is isomorphic to Mg′,n′ ×Mg′′,n′′, where g′ + g′′ = g and n′ + n′′ = n + 2, and ρ is
of degree 2 when g′ = g′′ and n′ = n′′ = 0, and an isomorphism otherwise. Moreover,
the pullback of N ∨ to C′ is sent to pr∗1ψn′ ⊗ pr∗2ψn′′ under the isomorphism.
(ii) C′ is isomorphic to Mg−1,n+2 and ρ is of degree two. Moreover, the pullback of N ∨ to
C′ is sent to ψn+1 ⊗ ψn+2 under the isomorphism.
Proof. See [Hac08, p. 813, 814]. 
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As implicitly stated in Lemma 2.13, irreducible components of the boundary divisor B is
classified as follows.
Definition 2.14. Let g, n ≥ 0 be as in (2.15). Let [n] := {1, . . . , n}. For 0 ≤ j ≤ g and
S ⊂ [n], the irreducible divisor Bj:S ⊂ Mg,n is defined to be the closure of the locus of
nodal curves C1 ∪ C2 with one node p, where C1 is a smooth curve of genus j with marked
points {pi | i ∈ S, pi 6= p} and C2 is a smooth curve of genus g − j with marked points
{pi | i ∈ [n] \S, pi 6= p}. Also we let B0 ⊂Mg,n denote the closure of the locus of irreducible
nodal curves C with one node. Both Bj:S and B0 are known to be normal crossing divisors,
from the deformation theory of stable curves.
2.3. Inertia stack. We also need to understand the inertia stack of Mg,n.
Definition 2.15. The inertia stack IX of a Deligne-Mumford stack X separated over a
field k is defined as the fiber product described in the diagram below.
IX

pr2
//
pr1

X
∆

X
∆
// X ×k X
We recall some basics of inertia stack.
Definition-Lemma 2.16. (1) As a category fibered in groupoids over (Sch/k), IX is
equivalent to the category defined as follows; by an abuse of notation, we use the
same symbol IX for the category.
• An object is a pair (x, g), where x ∈ obj(X) and g ∈ Aut (x).
• A morphism from (x, g) to (y, h) is a morphism f : x → y which makes the
following diagram commutative.
x
	
f
//
g

y
h

x
f
// y
• The structure functor IX → (Sch/k) is the composition of the forgetting functor
F : (x, g) 7→ x and the structure functor X → (Sch/k).
Thus defined stack serves as the fiber product via the morphisms pr1 = pr2 = F .
(2) The canonical morphism idX × idX : X → IX is a section for both pr1 and pr2.
Moreover is an isomorphism onto its image, which is a connected component of X
and will be called the untwisted sector of IX .
(3) A connected component W ⊂ IX \X is called a twisted sector.
(4) If X is smooth, so is IX .
(5) For each twisted sector W , the canonical morphism W → IX F−→ X factors into an
e´tale finite morphism onto its image followed by a closed immersion of the image into
X .
Proof. See [Vis89] and [AGV08], and [Pag09, Section 4.1]. 
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Lemma 2.17. Let X, Y be Deligne-Mumford stacks which are separated over k. Then there
is a canonical isomorphism of stacks
I (X ×k Y ) ≃ IX ×k IY. (2.16)
Proof. Note first that the fiber product X ×k Y is explicitly given as the category fibered in
groupoid over Sch/k which is described as follows.
• An object is a pair (x, y) of objects x ∈ X and y ∈ Y over the same base scheme.
• An morphism from (x, y) to (x′, y′) is a pair (f, g), where f ∈ X(x, x′) and g ∈
Y (y, y′).
By using the explicit model for inertia stacks as described in Definition-Lemma 2.16 (1), an
isomorphism of the categories between I (X ×k Y ) and IX×kIY is explicitly given as follows:
an object ((x, y), (g, h)) ∈ I (X ×k Y ) corresponds to the object ((x, g), (y, h)) ∈ IX ×k IY
and vice versa. Similarly, a morphism (ϕ, ψ) : ((x, y), (g, h))→ ((x′, y′), (g′, h′)) corresponds
to ((ϕ : (x, g)→ (x′, g′)) , ψ : (y, h)→ (y′, h′)) and vice versa. 
Lemma 2.18. Let i : X → Y be a closed immersion of Deligne-Mumford stacks separated
over k. Then i, as a functor, is fully faithful.
Proof. This assertion should be well known, but we give a proof since we could not find
it in the literature. Let x, y ∈ X be objects over the schemes U and V , respectively.
Since X and Y are assumed to be separated over k, we obtain a morphism of schemes
F : U ×x,X,y V → U ×i(x),Y,i(y) V . If X and Y are schemes, then i is well-known to be
a monomorphism in the category Sch/k and hence F is an isomorphism of schemes. In
general, consider the base change by an atlas Y˜ → Y . We write U˜ = U ×Y Y˜ and so
on. Then it follows from a standard diagram chase that the base change F˜ = F ×Y Y˜ is
isomorphic to a morphism of schemes U˜ ×x˜,X˜,y˜ V˜ → U˜ ×i˜(x˜),Y˜ ,˜i(y˜) V˜ , which is an isomorphism
since i˜ : X˜ → Y˜ is a closed immersion of schemes. By the e´tale descent, this implies that F
is also an isomorphism.
Now consider the case x, y ∈ XU . Then we get a sequence of bijections
XU(x, y)
∼−→ {θ : U → U ×x,X,y U | pr1 ◦ θ = pr2 ◦ θ = idU} (2.17)
∼−→ {θ : U → U ×i(x),Y,i(y) U | pr1 ◦ θ = pr2 ◦ θ = idU} ∼−→ YU(i(x), i(y)). (2.18)
The general case follows from this and the standard applications of the axioms of the Deligne-
Mumford stacks [DM69, Section 4, axioms a) and b)]. In fact, for x ∈ XU , y ∈ YV , and a
morphism ϕ : U → V , we obtain the natural bijections
X (x, y)ϕ
∼−→ XU (x, ϕ∗y) ∼−→ YU (i(x), i(ϕ∗y)) ∼−→ Y (i(x), i(y))ϕ . (2.19)

Lemma 2.19. Let i : X → Y be a closed immersion of Deligne-Mumford stacks separated
over k. Then for any morphisms of Deligne-Mumford stacks f : Z → X and g : W → X,
the natural morphism F : Z ×f,X,g W → Z ×i◦f,Y,i◦g W is an isomorphism of stacks.
Proof. By Lemma 2.18, the functor i is fully faithful. By using this, we construct a quasi-
inverse G : Z ×i◦f,Y,i◦g W → Z ×f,X,g W to F .
An object of Z×i◦f,Y,i◦gW is a triple
(
z, w, θ : i(f(z))
∼−→ i(g(w))
)
. Since i is fully faithful,
there is a unique θ′ : f(z) → g(w) such that i(θ′) = θ. We let G ((z, w, θ)) := (z, w, θ′).
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One can also easily define the action of G on morphisms, and can easily verify that G is a
quasi-inverse of F . Thus we conclude the proof. 
Proposition 2.20. Let i : X → Y be a closed immersion of Deligne-Mumford stacks sepa-
rated over k. Suppose that a connected componentW ⊂ IY satisfies the property that the nat-
ural morphism F : W → Y factors through i. Then there is a unique (up to natural isomor-
phisms) open and closed immersion F : W → IX such that (W →֒ IY ) = (IX → IY ) ◦ F .
Proof. Consider the following diagram, where Z = Y ×k Y .
X ×Z X //

Y ×Z Y //

Z
∆Z

X ×k X i×ki // Y ×k Y∆Y ×k∆Y
// Z ×k Z
(2.20)
Since both the outer square and the right square are cartesian, so is the left one. Since
X ×k X → Y ×k Y is a closed immersion, it then follows that so is the left upper horizontal
morphism.
On the other hand, since X ×k X → Y ×k Y is a closed immersion of Deligne-Mumford
stacks separated over k, by Lemma 2.19 there is a natural isomorphism IX = X×X×kXX ∼−→
X ×Z X , under which the natural morphism IX → IY is identified with the left upper
horizontal morphism. Hence it is a closed immersion.
Let F ′ : W → X be the morphism such that F = i ◦ F ′. This yields the morphism
F ′×Y×Y F ′ : W → X×Y×Y X . This uniquely lifts to a morphism F : W → X×X×kXX = IX
with the desired properties. To see that F is open and closed, note that (W →֒ IY ) =
(IX → IY ) ◦ F has the same properties and that IX → IY is representable and separated,
as we saw above. 
2.4. Hochschild cohomology of Deligne-Mumford stacks. The notion of flat defor-
mation of abelian categories is introduced in [LVdB06]. In [LVdB05], it is proven that flat
deformation of a k-linear Grothendieck category A, where k is controlled by the Hochschild
dgla Cab(A)[1]. In particular, its 1st cohomology, H1 (Cab(A)[1]) =: HC2ab(A), is in bijec-
tion with the set of first order deformations of A up to equivalences.
If A is locally Noetherian, i.e., generated by Noetherian objects, then there is essentially
no difference between deformations of A and those of the the full subcategory of Noetherian
objects. (see [LVdB06, Theorem 8.8]). This in particular applies to the categories cohX ⊂
QcohX , where X is a separated and quasi-compact DM stack over a field k.
There is a quasi-isomorphism of Hochschild complexes C (D(QcohX))
∼−→ Cab(QcohX),
where
C (D(QcohX)) := RHom
D(QcohX)⊗LD(QcohX)op (D(QcohX),D(QcohX)) (2.21)
is the Hochschild complex of the dg-category of unbounded complexes of quasi-coherent
sheaves on X as defined in [Toe¨07, Section 8.1] (see [Low08, p. 1558 (3)]). It is shown in
[Toe¨07, Corollary 8.1] that
C (D(QcohX)) ≃ RHom (D(QcohX),D(QcohX)) (id, id) . (2.22)
On the other hand, consider the complex
CSwan(X) := Hom
•
X×kX
(∆∗OX ,∆∗OX) . (2.23)
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Theorem 2.21. Let X be a separated and quasi-compact DM stack over a field k of char-
acteristic 0. Then there is an isomorphism C (D(QcohX)) ≃ CSwan(X) in the homotopy
category of complexes of k-vector spaces.
Proof. In the case when X is a scheme, the assertion is shown in [Toe¨07, Theorem 8.9]. In
fact, the isomorphism
RHomc(LQcoh(X), LQcoh(X))
∼−→ LQcoh(X ×k X) (2.24)
of [Toe¨07, Theorem 8.9] in the homotopy category of dg-categories induces an isomorphism
of dg k-modules
RHom(LQcoh(X), LQcoh(X))(id, id)
∼−→ LQcoh(X ×k X)(∆∗OX ,∆∗OX) (2.25)
in the homotopy category of complexes of k-vector spaces. The LHS of (2.24) denotes the dg
category of dg endofunctors commuting with arbitrary coproducts, which obviously contains
id, and LQcohX is the notation for D(QcohX) in [Toe¨07].
The proof of [Toe¨07, Theorem 8.9] can be extended to the case of DM stacks modulo some
modifications. In the arguments, some properties of the compact generators of D(QcohX)
of a quasi-compact and separated scheme X are used. It is enough to check that these
properties are fulfilled by DM stacks, more generally.
One of them is that D(QcohX) admits a compact generator. By [HNR14, Theorem 1.2]
and [HR17, Theorem A] this generalizes to quasi-compact and separated DM stack X over
k. The other property is about the exterior product of compact generators on the product
stacks, which we treat as the following Lemma 2.22. 
Lemma 2.22 (=[BvdB03, Lemma 3.4.1] for DM stack). Let X, Y be quasi-compact and
separated DM stacks over k. Assume that E, F are compact generators of D(QcohX) and
D(QcohY ). Then E ⊠ F ∈ D(QcohX ×k Y ) is again a compact generator.
Proof. Take atlases U → X and V → Y with U, V affine and consider the flat morphism
π : U ×k V → X ×k Y . Take any G ∈ D(QcohX ×k Y ) with Hom(E ⊠ F,G[m]) = 0 for
all m ∈ Z. Then by the same arguments as in the proof of [BvdB03, Lemma 3.4.1], using
that U, V are affine, one can show that π∗G = 0. Since π is flat, for each i ∈ Z one has
π∗Hi(G) ≃ Hi (π∗G) = 0, so that Hi(G) = 0 by the surjectivity of π. Thus we conclude the
proof. 
We next discuss the Hochschild-Kostant-Rosenberg isomorphism (HKR for short) for the
Swan’s Hochschild cohomology CSwan. Although the HKR isomorphism is well known for
schemes and ringed spaces, its generalization to DM stacks is less established. In the rest of
this paper, we will assume the following conjectural isomorphism.
Question 2.23. Let X be a smooth proper DM stack over a field k of characteristic 0. Then
there is an isomorphism
HCiSwan(QcohX)
∼−→
⊕
W⊂IX
⊕
p+q=i
Hq−cW
(
W,∧pΘW/k ⊗ ∧cWNW/X
)
, (2.26)
where
• W ⊂ IX is either the untwisted or a twisted sector of IX ,
• cW = dimX − dimW ≥ 0, and
• NW/X is the normal bundle of the morphism W → X .
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By Definition-Lemma 2.16, NW/X is a locally free sheaf of rank cW . Question 2.23 is proven
in [ACH14, Corollary 1.17] under the assumption that X is a global quotient of a smooth
scheme by a finite group. When X is a scheme, then there exists no twisted sector and we
obtain the original HKR isomorphism. Unfortunately, since Mg,n is simply connected as a
stack, their result is not directly applicable.
Question 2.23 is a consequence of the conjectural isomorphism
TIX [−1] ∼−→ LX (2.27)
over the inertia stack IX , where TIX [−1] is the shifted tangent bundle of IX and LX =
X×R∆,X×X,∆X is the free loop space of the stack X . (2.27) is established for global quotients
by finite groups in [ACH14, Theorem 4.9]. The isomorphism (2.26) follows from (2.27) by
the following formal arguments (see also [ACH14, Section 4.10]); we will use the notation in
the following diagram, where d = e = ∆X and π is the structure morphism.
TIX [−1]
p′
''
q′
  
pi
$$■
■
■
■
■
■
■
■
■
IX
p
//
q

X
d

X e
// X ×k X
(2.28)
By the formula q′∗p
′∗ ≃ e∗d∗,
HCiSwan(QcohX) = Ext
i
X×X (d∗OX , e∗OX) ∼−→ ExtiX (e∗d∗OX ,OX)
∼−→ ExtiX
(
q′∗p
′∗OX ,OX
)
∼−→ ExtiX
(
q′∗OTIX [−1],OX
)
.
(2.29)
On the other hand,
π∗OTIX [−1] ∼−→ Sym• (ΩIX [1]) ∼−→
⊕
p≥0
∧pΩIX [p] ∼−→
⊕
W⊂IX
⊕
p≥0
∧pΩW [p]. (2.30)
Hence
ExtiX
(
q′∗OTIX [−1],OX
) ∼−→ ⊕
W⊂IX
⊕
p≥0
ExtiX (q∗ ∧p ΩW [p],OX)
∼−→
⊕
W⊂IX
⊕
p≥0
ExtiW
(∧pΩW [p], q!OX) ∼−→ ⊕
W⊂IX
⊕
p≥0
ExtiW
(∧pΩW [p],∧cWNW/X [−cW ])
∼−→
⊕
W⊂IX
⊕
p+q=i
Hq−cW
(
W,∧pΘW ⊗ ∧cWNW/X
)
.
(2.31)
3. Proof of vanishing results
Recall that the dimension of cohomology space is invariant under base field extensions.
Since the moduli stacks of pointed stable curves are already defined over Q, we can and will
work over C throughout this section.
The first part of this section is devoted to the proof of Theorem 1.1. More precisely, we
show the following theorems in Section 3.1 and Section 3.2, respectively.
14
Theorem 3.1. The vanishing
H0(Mg,n,∧2ΘMg,n) = 0 (3.1)
holds if (g, n) 6= (0, 5), (1, 2).
Theorem 3.2. The vanishing
H i(Mg,n,OMg,n) = 0 (3.2)
holds for i = 1, 2.
Theorem 3.1 for the exceptional cases (g, n) = (0, 5) and (1, 2) will be separately treated
in Section 3.3.
In the rest of this section, we discuss the contributions from the twisted sectors. The clas-
sification of twisted sectors which potentially contribute to the 2nd Hochschild cohomology
will be performed in Section 3.4, and their vanishings will be discussed in Section 3.5. We
will give a concluding discussion on the remaining cases in Section 3.6.
3.1. Proof of Theorem 3.1.
Lemma 3.3. Let L be a nef line bundle on Mg,n. Then
Hq(Mg,n,∧pΘMg,n(− logB)⊗ L−1) = 0 (3.3)
holds for any p, q with p > q.
Proof. By the Serre duality we obtain the following isomorphism.
Hq(Mg,n,∧pΘMg,n(− logB)⊗ L−1)∨ ≃ Hd−q
(
Mg,n,ΩpMg,n(logB)(−B) ⊗
(
ωMg,n(B)⊗L
))
(3.4)
Since ωMg,n(B) ⊗ L is always ample by Proposition 2.12, by applying Proposition 2.10, we
see that the cohomology space is trivial when (d− q) + p > d ⇐⇒ p > q. 
Proof of Theorem 3.1. Let us fix the value of (p, q). Applying Lemma 2.6 to (2.8), we obtain
the following spectral sequence.
Es,t1 = H
t
(
Bs,∧p−sΘBs(EBs)⊗ det(NBs/Mg,n)
)
⇒ Hs+t
(
Mg,n,∧pΘMg,n(− logB)
)
(3.5)
Note that E0,q1 = H
q(Mg,n,∧pΘMg,n).
By Lemma 3.3, if we have the inequality p > q, we immediately see Eq = 0. If moreover
we have the vanishings E1,q1 = E
2,q−1
1 = E
3,q−2
1 = · · · = Eq+1,01 = 0, then we obtain the
vanishing of E0,q1 .
In the rest we use this strategy to deal with the case (p, q) = (2, 0), namely Theorem 3.1,
under the assumption dimMg,n ≥ 3. In this case, since we want to show the vanishing of
E0,01 , all we have to show is the vanishing of
E1,01 = H
0(B1,ΘB1(EB1)⊗NB1/Mg,n) = H0(B1,ΘB1 ⊗NB1/Mg,n). (3.6)
Note that EB1 ≃ OB1 as explained in the end of Definition-Proposition 2.4.
Let B′ be a connected component of B1, and consider the finite e´tale Galois cover π : C′ ։
B′ as in Lemma 2.13. Since we have the inclusion
π∗ : H0(B′,ΘB′ ⊗NB′/Mg,n) →֒ H0(C′,ΘC′ ⊗ π∗NB′/Mg,n), (3.7)
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it is enough to show the vanishing of the RHS.
If C′ ≃ M′ ×M′′, then by [Hac08, Lemma 4.2] and the Ku¨nneth formula, the RHS is
isomorphic to(
H0(M′,Θ
M
′ ⊗ ψ∨n+1)⊗H0(M′′, ψ∨n+2)
)
⊕
(
H0(M′′,Θ
M
′′ ⊗ ψ∨n+2)⊗H0(M′, ψ∨n+1)
)
.
(3.8)
Since ψi are nef and big by Lemma 2.11, (3.8) is trivial when dimM′ and dimM′′ are both
positive. Otherwise we can use Proposition 3.4 below.
If C′ ≃Mg−1,n+2, again by [Hac08, Lemma 4.2], the RHS is isomorphic to
H0(Mg−1,n+2,ΘMg−1,n+2 ⊗ ψ∨n+1 ⊗ ψ∨n+2). (3.9)
Since ψn+1⊗ψn+2 is nef and big by Lemma 2.11, we can use Proposition 3.4 again to conclude
the proof. 
Proposition 3.4. For any anti-nef line bundle L, H0(Mg,n,ΘMg,n ⊗ L) = 0 holds if
dimMg,n ≥ 2.
Proof. By applying ⊗L to (2.8) with p = 1, we obtain the exact sequence
H0(Mg,n,ΘMg,n(− logB)⊗L)→ H0(Mg,n,ΘMg,n ⊗ L)→ H0(B1,L ⊗ EB1 ⊗NB1/Mg,n).
(3.10)
Since L⊗ EB1 ⊗NB1/Mg,n is anti-nef and big on the finite e´tale cover C′ of Lemma 2.13 and
dimB1 ≥ 1, the third term has to be trivial. Finally, the vanishing of the first term follows
from Lemma 3.3. 
3.1.1. Interlude. Since Proposition 2.10 is valid over arbitrary perfect fields and the moduli
stacksMg,n are defined over prime fields, one can easily check that Theorem 3.1 is generalized
to positive characteristics as follows.
Theorem 3.5. Let k be a field of characteristic p > 0, and suppose (g, n) satisfies the
inequalities 3 ≤ 3g − 3 + n ≤ p. Then H0(Mg,n,∧2ΘMg,n) = 0.
Proof. The inequality 3g − 3 + n ≤ p ensures the equality d(dimBi, p) = dimBi for any
strata Bi of Mg,n. Therefore the arguments in the case of characteristic zero works without
change. 
3.2. Proof of Theorem 3.2. Here we prove Theorem 3.2. The case g = 0 is trivial, since
M 0,n are rational. When g = 1 and n ≤ 2, the assertion follows from the rationality of M 1,1
and M1,2 (see [Mas14, Theorem 2.3]). In the rest of this subsection we assume
g ≥ 2 or [g = 1 and n > 2], (3.11)
so that we always have d := dimMg,n = 3g − 3 + n ≥ 3. By Lemma 2.3, the claim of
Theorem 3.2 is equivalent to the vanishing H0(Mg,n,ΩiMg,n) = 0 for i = 1, 2. Below is the
key ingredient of the proof.
Fact 3.6. Under our assumption (3.11), H i(Mg,n,Q) = 0 holds for i = 2d− 1, 2d− 2.
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Proof. It was proven by Harer (see [ACG11, Chapter 19, Theorem (2.2)]) that the vanishing
Hi(Mg,n,Q) = 0 holds when
i >

n− 3 (g = 0)
4g − 5 (g > 0, n = 0)
4g − 4 + n (g > 0, n > 0).
(3.12)
We can easily check that (3.12) holds for i = 2d − 2 and hence also for i = 2d − 1, under
our assumption (3.11). Finally we have Hi(Mg,n,Q) ≃ (H i(Mg,n,Q))∨ (see [MS74, Theorem
A1]) and H i(Mg,n,Q) ≃ H i(Mg,n,Q) (see [Beh04, Proposition 36]). 
Proof of Theorem 3.2. Let us deal with the case i = 1 first. Consider the exact sequence
H0(Mg,n,Ω1Mg,n(logB)(−B))→ H0(Mg,n,Ω1Mg,n)→ H0(B1,Ω1B1) (3.13)
obtained from (2.7). We check the vanishing of the first term of (3.13). Using the Serre
duality and the perfect pairing (2.9), we obtain
H0(Mg,n,ΩiMg,n(logB)(−B)) ≃ H0(Mg,n,∧d−iΘMg,n(− logB)⊗ ωMg,n)
≃ Hd(Mg,n,Ωd−iMg,n(logB))
∨
(3.14)
for any i. The dual of the last term is, by Lemma 2.8, a direct summand of H2d−i(Mg,n,Q).
As we saw in 3.6, this is always trivial when i = 1.
Next we show the vanishing of the third term of (3.13) by an induction on dimMg,n,
starting with the case when dimMg,n = 3. In the initial case we have dimB′ = 2 and hence
can check the assertion by hand, since then B′ is always rational. For general cases, take
any connected component B′ ⊂ B1 and the finite e´tale cover π : C′ ։ B′ of Lemma 2.13.
Since π∗Ω1B′ ≃ Ω1C′ , it is enough to show H0(C′,Ω1C′) = 0. Suppose C′ ≃ Mg−1,n+2. Then
we can use the induction hypothesis if (g − 1, n + 2) still satisfies (3.11), and otherwise we
already checked the assertion in the beginning of this subsection. If C′ ≃ Mg′,n′ ×Mg′′,n′′,
where g′+ g′′ = g and n′+ n′′ = n+2, then by using the Ku¨nneth formula we can check the
assertion by the similar arguments. Thus we conclude the proof for the case i = 1.
Finally we consider the case i = 2. The arguments are essentially the same as in the case
i = 1. Consider the exact sequence
H0(Mg,n,Ω2Mg,n(logB)(−B))→ H0(Mg,n,Ω2Mg,n)→ H0(B1,Ω2B1) (3.15)
obtained from (2.7). The triviality of the first term follows from the same arguments. To see
the vanishing of the third term by an induction, we consider the finite e´tale cover C′ ։ B′
as before and check the vanishing of H0(C′,Ω2C′). As a new ingredient, when C′ ≃M
′×M′′,
we use the Ku¨nneth formula and need the result for i = 1 to show the vanishing of the term
H0(C′,Ω1
M
′ ⊠ Ω1
M
′′) ≃ H0(M′,Ω1
M
′)⊗H0(M′′,Ω1
M
′′). (3.16)
Thus we conclude the proof. 
3.3. Exceptional untwisted sectors M 0,5 and M1,2. Recall first that M 0,5 is isomorphic
to the blowup of P2 in a general set of four points. This immediately tells us
Lemma 3.7. dimH0(M 0,5,∧2ΘM0,5) = 6.
We next prove
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Lemma 3.8. HH3(M0,5) = 0.
Proof. By the HKR isomorphism, we see that HH3(M 0,5) is isomorphic to the direct sum
H3(M0,5,OM0,5)⊕H2(M 0,5,ΘM0,5)⊕H1(M0,5,∧2ΘM0,5)⊕H0(M0,5,∧3ΘM0,5). (3.17)
Since dimM 0,5 = 2, we see H
3(M 0,5,OM0,5) = 0 and ∧3ΘM0,5 = 0. Moreover, using the
canonical isomorphism ΘM0,5 ≃ Ω1M0,5 ⊗ ω
−1
M0,5
and applying Proposition 2.10 to the ample
line bundle L = ω−1
M0,5
, we can show the vanishing of the two middle terms of (3.17). 
Recall next from [Mas14, Section 2] the description of M1,2 as a global quotient stack.
Consider the smooth variety
X := Z(zy2 − x3 − axz2 − bz3) ⊂ A30 × A20. (3.18)
Here A∗0 := A
∗ \ {0}, (x, y, z) are the coordinates of A3, and (a, b) are the coordinates of A2.
The torus G = G2m acts on A
3
0 × A20 with the weights in the table below.
x y z a b
ξ 1 1 1 0 0
λ 2 3 0 4 6
Here (ξ, λ) are the coordinates of G. Note that the defining equation
f := zy2 − x3 − axz2 − bz3 (3.19)
is homogeneous of weight (3, 6). Then we have a natural isomorphism of stacks
[X/G]
∼−→M1,2. (3.20)
The closure X ⊂ A5 is the normal hypersurface defined by the equation f . As explained
in [CPR00, Proof of Lemma 3.5], the divisor class group of X is trivial. Therefore OX is
“the Cox ring” of the Deligne-Mumford stack [X/G], and under the canonical equivalence
π∗ : coh[X/G]
∼−→ cohGX, (3.21)
we see the coincidence (as linearized line bundles) π∗ω[X/G] ≃ ωX .
Proposition 3.9. H0(M1,2,∧2ΘM1,2) = 0.
Proof. Set U := A30 × A20 for simplicity. By the adjunction formula, we see
ω[X/G] ≃ ω[U/G]|[X/G] ⊗O[X/G]([X/G]). (3.22)
Under the equivalence (3.21), it is translated into
π∗ω[X/G] ≃ ωX ≃ ωU |X ⊗OX(X) ≃ (OX · dx ∧ dy ∧ dz ∧ da ∧ db)⊗ (OX · f)∨
≃ OX(−3,−15)⊗OX(3, 6) ≃ OX(0,−9).
(3.23)
Therefore we see
H0([X/G],∧2Θ[X/G]) ≃ HomGX(OX ,OX(0, 9)) ≃ (k[x, y, z, a, b]/(f))(0,9) = 0. (3.24)
The last equality is due to the absence of monomials of bidegree (0, 9). 
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3.4. The classification of twisted sectors of codimension ≤ 2. In this section and the
next, we compute the right hand side of (2.26) forX =Mg,n and i = 2. In the RHS there are
contributions from twisted sectors of codimension at most 2, but those from twisted sectors of
codimension 0 are exactly the same as those from the untwisted sectors and we have already
checked their triviality. Hence we are left with the following 3 types of contributions:
(1) cW = 1, H
1(W,NW/X).
(2) cW = 1, H
0(W,ΘW/k ⊗NW/X).
(3) cW = 2, H
0(W,∧2NW/X).
In this section we classify twisted sectors W such that cW ≤ 2. For that purpose, we first
start with the classification of those with F (W ) ∩Mg,n 6= ∅, where F : IMg,n → Mg,n is
the canonical map. Classification of such W amounts to that of n-pointed smooth projective
curves equipped with non-trivial automorphisms. For each prime number ℓ and positive
integer k, we classify families of smooth projective curves of genus g ≥ 2 and (effective)
actions of the group G = Z/ℓkZ. Since Pagani has already classified the twisted sectors of
M2 in [Pag12, p.1652], we may and will assume that g ≥ 3.
Remark 3.10. Here we discuss automorphisms of smooth stable pointed curves of genus
≤ 1.
A stable pointed curve of genus 0 never has a non-trivial automorphism (even singular
ones).
Any elliptic curve, namely, a smooth projective curve E with a marked point o, has a
unique involution of order two. We will call it the negation of (E, o).
There are exactly two isomorphism classes of elliptic curves with extra automorphisms.
One of them is (E1728 := V (zy
2 − x3 + xz2) , (0 : 0 : 1)), with the complex multiplication
automorphism of order four given by σ1728 : (x : y : z) 7→
(−x : √−1y : z).
The other one is the Fermat cubic curve (E0 := V (x
3 + y3 + z3) , (1 : −1 : 0)), with the
complex multiplication automorphism of order six given by σ0 : (x : y : z) 7→ (y : x : ωz),
where ω is a primitive third root of unity.
Remark 3.11. Let us recall from [Pag12, p.1652] the classification of twisted sectors W of
M2 such that cW ≤ 2.
Each C ∈M2 has the hyperelliptic involution and it gives the twisted sectorW0 of cW0 = 0.
There is a unique twisted sector W1 ⊂ IM2 of cW1 = 1 whose general member is a double
cover of an elliptic curve equipped with the covering involution.
There are 3 twisted sectors of codimension 2. The first one is W2, whose general member
is a triple cover of P1 together with a non-trivial covering transformation. The second one
is W3, whose general member is a Z/4Z-cover of P
1 together with a covering transformation
of order 4. The third one is W4, whose general member is a Z/6Z-cover of P
1 together with
a covering transformation of order 6.
Consider a smooth projective curve C of genus g ≥ 3 equipped with an effective action
Z/ℓkZ = Gy C. Let π : C → C/G =: C be the quotient morphism with the branch points
q1, . . . , qr ∈ C and set g = g(C). The curve C together with the G-action is recovered
from the isomorphism class of the marked curve
(
C, q1, . . . , qr
)
up to finite choices, since G-
covers of C are in one-to-one correspondence with surjective group homomorphisms from the
finitely generated group π1
(
C \ {q1, . . . , qr}
)
to the finite group G. Let us classify quintuples
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(g, g, r, ℓ, k) which appear this way and such that
c(g, g, r) := dimMg − dimMg,r = 3(g − 1)− 3(g − 1)− r ≤ 2. (3.25)
For each i = 1, 2, . . . , r, we have π∗(qi) = ℓ
kiDi for some 0 < ki ≤ k and a reduced divisor
Di on C of degree ℓ
k−ki. By this and the Hurwitz formula, we obtain
2(g − 1) = 2ℓk(g − 1) +
r∑
i=1
(ℓk − ℓk−ki). (3.26)
By ℓk−ki ≤ ℓk−1, we obtain
2(g − 1) ≥ 2ℓk(g − 1) + rℓk−1(ℓ− 1). (3.27)
Combining this with (3.25), we obtain the inequality
3(ℓk − 1)(g − 1) + r (3
2
ℓk−1(ℓ− 1)− 1) ≤ 2. (3.28)
It immediately follows that g ≤ 1. Combining this with (3.26) and the assumption g ≥ 3, it
also follows that r > 0.
We shall next show that k = 1. Suppose for a contradiction k ≥ 2, and consider first the
case g = 1. By (3.28), we have
2 ≥ r (3
2
ℓk−1(ℓ− 1)− 1) (3.29)
and the only possibility is (ℓ, k) = (2, 2), in which case r = 1. Then c(g, g, r) = 3g − 4 ≤ 2,
contradicting the assumption g ≥ 3.
Next consider the case g = 0, so that 6 = 3(3− 1) ≤ 3(g − 1) ≤ 3(0− 1) + r + 2⇒ 7 ≤ r
by (3.25). By (3.28), we have
2 ≥ −3(ℓk − 1) + r (3
2
ℓk−1(ℓ− 1)− 1) = 3ℓk−1 ((1
2
r − 1) (ℓ− 1)− 1)− r + 3.
By the above inequality, r ≥ 7, and ℓ, k ≥ 2, we obtain
2 ≥ 3 · 2 (1
2
r − 1− 1)− r + 3 = 2r − 9,
which contradicts r ≥ 7.
Therefore we may and will assume k = 1. Since ℓ is prime, π is totally ramified in r ≥ 1
points on C with the ramification index ℓ− 1. (3.26) specializes to
2(g − 1) = 2ℓ(g − 1) + r(ℓ− 1). (3.30)
In particular, r ≥ 2 is an even integer if ℓ = 2.
If g = 1, then we get c(g, g, r) =
(
3
2
(ℓ− 1)− 1) r. We can check that this is a non-negative
integer at most 2 only if (ℓ, r) = (2, 2), (2, 4), (3, 1). The cases (ℓ, r) = (2, 2) and (3, 1) are
about the cases when g = 2, which we have already discussed in Remark 3.11. The case
(ℓ, r) = (2, 4) is realized by a family of genus 3 curves which admits an involution whose
quotient is an elliptic curve: the locus of such curves is of codimension 2 in M3.
Finally, the case g = 0 can be settled by similar arguments. By (3.25), we get
c(g, g, r) = 1
2
(r − 2)(3ℓ− 5)− 2. (3.31)
As above, the only possibilities are (ℓ, r) = (2, 6), (2, 8), (2, 10), (3, 4). The first three cases
correspond to the hyperelliptic loci ofMg for g = 2, 3, 4, where the codimension of the locus
is 0, 1, 2, respectively. The case (ℓ, r) = (3, 4) occurs on M2 and corresponds to curves of
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genus 2 with an automorphism of order 3. Indeed, as a hyperelliptic curve, such a curve
is realized as a double cover of P1 branched at a set of 6 points which is preserved by an
automorphism of P1 of order 3. Such an automorphism must freely act on the set of 6 points,
and lifts to an automorphism of order three of the double cover. Such configurations of 6
points on P1 constitutes codimension 2 locus on M0,6.
Summary 3.12. The possible values for (g, g; ℓk, r) with g ≥ 3 are summarized in the
following table.
c(g, g, r) (g, g; ℓk, r)
0 ∅
1 (3, 0; 2, 8)
2 (3, 1; 2, 4), (4, 0; 2, 10)
(3.32)
Combining this with Remark 3.10 and Remark 3.11, we obtain the following classification
of the twisted sectors W with cW ≤ 2 of Mg,n for any (g, n).
(1) cW = 0
(g, n) description of the pointed curve and its automorphism
(2, 0) genus 2 curve, HE involution
(1, 1) elliptic curve, negation
(3.33)
(2) cW = 1
(g, n) description of the pointed curve and its automorphism
(3, 0) HE genus 3 curve, HE involution
(2, 1) genus 2 curve with a Weierstrass marked point, HE involution
(2, 0) bielliptic genus 2 curve, covering involution
(1, 2) elliptic curve with a 2-torsion marked point, negation
(1, 1) E1728 or E0, complex multiplication
(3.34)
(3) cW = 2
(g, n) description of the pointed curve and its automorphism
(4, 0) HE genus 4 curve, HE involution
(3, 1) HE genus 3 curve with a Weierstrass marked point, HE involution
(3, 0) bielliptic genus 3 curve, covering involution
(2, 2) genus 2 curve with 2 Weierstrass marked points, involution
(2, 1) bielliptic genus 2 curve equipped with a ramification marked point, covering involution
(2, 0) Z/3Z cover of P1, covering transformation
Z/4Z cover of P1, covering transformation of order 4
Z/6Z cover of P1, covering transformation of order 6
(1, 3) elliptic curve with two 2-torsion marked points, negation
(1, 2) E1728 or E0 with a fixed marked point, complex multiplication
(3.35)
Proposition 3.13. Twisted sectors W ⊂ IMg,n with cW = 0 are classified as follows.
21
(1) W is the untwisted sector, so that F : W
∼−→Mg,n. In this case points of W represent
pairs (C, idC).
(2) (g, n) = (2, 0) and W represents the pairs consisting of a stable genus 2 curve and its
hyperelliptic involution. In this case F : W
∼−→M2,0.
(3) (g, n) = (1, 1) and W represents the pairs consisting of a stable pointed genus 1 curve
and the negation with respect to the group structure whose origin is the marked point.
In this case F : W
∼−→M1,1.
Proposition 3.14. If a twisted sector W ⊂ IMg,n of cW = 1 satisfies F (W ) ∩Mg,n = ∅,
then F (W ) = B1:∅.
Proof. There are four possibilities for W as follows. See Definition 2.14 for the definition of
Bj:S and so on.
(1) F (W ) ∩Mg,n 6= ∅.
(2) (i) F (W ) coincides with the boundary divisor Bj:S, and the automorphisms repre-
sented by W do not exchange the two irreducible components of the curves.
(ii) F (W ) coincides with the boundary divisor Bj:S, and the automorphisms repre-
sented by W exchange the irreducible components of the curves.
(iii) F (W ) coincides with the boundary divisor B0.
We investigate each case separately.
(1) The classification of such W is equivalent to the classification of twisted sectors of
Mg,n of codimension 1, which is given in the table (3.34) of Summary 3.12.
(2) (i) Since the normalization morphism ν : Bνj:S → Bj:S is birational, W is dominated
by a connected component W ′ ⊂ I (Bνj:S) of codimension 0 under the morphism
Iν.
Recall that there is an e´tale finite morphism ρ : Mj,S∪{n+1}×kMg−j,([n]\S)∪{n+2} →
Bνj:S, which in fact is an isomorphism except when 2j = g and n = 0, in which
case the degree of the morphism is 2. Since we consider the case when the
general point of W (and hence W ′) represents an automorphism which does not
exchange the irreducible components of the curve, it is dominated by a con-
nected component W˜ of codimension 0 of I
(Mj,S∪{n+1} ×k Mg−j,([n]\S)∪{n+2}).
By Lemma 2.17, W˜ is a connected component of codimension 0 of the stack
IMj,S∪{n+1} ×k IMg−j,([n]\S)∪{n+2} \Mj,S∪{n+1} ×k Mg−j,([n]\S)∪{n+2}.
As we saw in Proposition 3.13, (g, n) = (1, 1) is the only pair with n ≥ 1
such that Mg,n admits a twisted sector of codimension 0. Thus we see that
the general member of W is a union of a smooth elliptic curve C ′ and a n-
pointed smooth curve C ′′ of genus g − 1 meeting in a point, equipped with the
negation of C ′ (glued with the identity automorphism of C ′′). Note that when
(g, n) = (2, 0) we have a family of curves C ′ ∪ C ′′, where C ′ and C ′′ are curves
of genus 1, equipped with the negations on both of the components. This does
not contribute as a codimension 1 twisted sector ofM2,0, since the family is the
limit of the family of smooth genus 2 curves equipped with the HE involutions.
(ii) This case never occurs (under the assumption cW = 1). In fact this can happen
only when n = 0 and g = 2j for some integer j, but the codimension of the
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diagonal
Mj,1 →֒ Mj,1 ×Mj,1 (3.36)
is always strictly positive for any j such that Mj,1 is a DM stack.
(iii) We prove by contradiction that this case never occurs. If B0 = F (W ) holds for
a twisted sector W , then any member of B0 admits a non-trivial automorphism.
Taking the normalization of the members of B0, we see that any n-pointed
smooth curve of genus g− 1 and a pair of points on it, there exists an automor-
phism of the curve which swaps the pair of points. Hence the only possibility
for (g, n) are (1, 1), (2, 0). In each of these cases, one can check that the non-
trivial automorphisms of the general member of B0 is a degeneration of the HE
involutions of the smooth members, thereby obtaining a contradiction.

Corollary 3.15. Twisted sectors W ⊂ IMg,n with cW = 1 are classified as follows.
There is a twisted sector of common type whose generic member is the union of a smooth
elliptic curve C ′ and a n-pointed smooth curve C ′′ of genus g−1 meeting in a point, equipped
with the negation of C ′ (glued with the identity automorphism of C ′′).
(1) If either g ≥ 4, g = 3 and n ≥ 1, g = 2 and n ≥ 2, or g = 1 and n ≥ 3, then there is
no twisted sector other than the typical one.
(2) For (g, n) = (3, 0), other than the typical one, there exists a twisted sector whose
general member is a HE curve equipped with the HE involution.
(3) For (g, n) = (2, 1), other than the typical one, there exists a twisted sector whose
general member is a curve marked by a Weierstrass point equipped with the HE in-
volution.
(4) For (g, n) = (2, 0), other than the typical one, there exists a twisted sector whose
general member is a bielliptic curve equipped with the covering involution.
(5) For (g, n) = (1, 2), other than B1:∅, there exists one more twisted sector W such that
W ∩ F−1 (M1,2) classifies a pointed curve (C, o, p) such that p is a 2-torsion point
with respect to the origin o, equipped with the involution with respect to o (cf. [Pag13,
Corollary 3.14]).
(6) For (g, n) = (1, 1), there exist 2·(1+2) twisted sectors of codimension 1 corresponding
respectively to the CM curves E1728 and E0 equipped with CM automorphisms (cf.
[Pag13, Corollary 3.14]). Under the well-known isomorphisms
M1,1 ≃ P (4, 6) ≃ P (2, 3)× Bµ2, (3.37)
these twisted sectors arise from the two stacky points of P (2, 3).
The following table may be of use.
g\n 0 1 2 3 ≥ 4
1 NA (6) (5) (1) (1)
2 (4) (3) (1) (1) (1)
3 (2) (1) (1) (1) (1)
≥ 4 (1) (1) (1) (1) (1)
(3.38)
Proof. This immediately follows from the Proposition 3.14 and Summary 3.12 (3.34) 
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In the classification of the twisted sectors of codimension 2, we will use the following direct
corollary of what we have done so far.
Lemma 3.16. Fix an integer j ≥ 0 and a finite set S such thatMj,S∪{•} is not empty. Then
the connected components W˜ ⊂ IMj,S∪{•} of codimension ≤ 1 are classified as follows.
(1) cW˜ = 0
(j, S) description of the general member
general untwisted sector
(1, ∅) elliptic curve with the origin •, negation
(3.39)
(2) cW˜ = 1
(j, S) description of the general member
general C ∈ B1:∅, negation of the elliptic component
(2, ∅) smooth curve such that • is a Weierstrass point, HE involution
(1, |S| = 1) elliptic curve with a 2-torsion marked point, negation
(1, ∅) E1728 or E0, CM automorphism
(3.40)
We next classify the twisted sectors of codimension 2.
Proposition 3.17. A twisted sector W ⊂ IMg,n of cW = 2 with F (W ) ∩Mg,n = ∅ admits
a finite surjective morphism from a twisted sector W˜ ⊂ I (Mj,S∪{n+1} ×Mg−j,([n]\S)∪{n+2})
of cW˜ = 1.
Proof. As in the case cW = 1, there are four possibilities for W as follows.
(1) F (W ) ∩Mg,n 6= ∅.
(2) (i) F (W ) is contained in the boundary divisor Bj:S, and the general point of W
represents a pointed curve C with an automorphism which does not exchange
the irreducible components of C.
(ii) F (W ) is contained in the boundary divisor Bj:S, and the general point of W
represents a pointed curve C with an automorphism which exchanges the irre-
ducible components of C.
(iii) F (W ) is not contained in the boundary divisor of the form Bj;S, but is contained
in the boundary divisor B0.
We investigate each case separately.
(1) The classification of such W is equivalent to the classification of twisted sectors of
Mg,n of codimension 2, which is given in the table (3.35) of Summary 3.12.
(2) (i) By a modular interpretation, one can easily verify that F (W ) is dominated by
an irreducible closed substack W ′ ⊂ Bνj:S of codimension 1, even if F (W ) ⊂
SingBj:S. Recall from Lemma 2.13 that there is an e´tale finite morphism
ρ : Mj,S∪{n+1} × Mg−j,([n]\S)∪{n+2} → Bνj:S. Since we consider the case when
the general point of W (and hence W ′) represents an automorphism which does
not exchange the irreducible components of the curve, it follows thatW ′ is domi-
nated by an irreducible closed substack W˜ ⊂ I (Mj,S∪{n+1} ×k Mg−j,([n]\S)∪{n+2})
of cW˜ = 1. If W˜ is not a twisted sector, then it must be contained in a codi-
mension 0 twisted sector (it can not be the untwisted sector, since the general
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point of W represents a curve with a non-trivial automorphism). By a modular
interpretation, this would lead to a contradiction since it would imply that W
is contained in a bigger twisted sector. Thus we see that W˜ is a twisted sector
of codimension 1, whose classification is reduced to the that of the connected
components of codimension ≤ 1 of IMj,S∪{n+1} and IMg−j,([n]\S)∪{n+2}.
(ii) This case does not occur as we discuss below. Suppose that the general member
of W has two irreducible components. This can happen only when n = 0 and
g = 2j. Since the codimension of the diagonal
Mj,1 →֒ Mj,1 ×Mj,1 (3.41)
is 3j − 2, the only possibility (under the assumption cW = 2) is j = 1 ⇐⇒
g = 2. This is the case when the generic member of W represents a genus 2
curve with 2 isomorphic irreducible components equipped with the involution
which identifies the two components. However, such curves with involutions
admit deformation to smooth bielliptic curves with involutions, contradicting
the assumption cW = 2. In fact, such a curve is isomorphic to the double cover
of a smooth curve C of genus 1 ramified in a point o ∈ C. This is realized as the
cyclic double cover of C obtained from the line bundle L = OC(o) and the global
section of L⊗2 which corresponds to the divisor 2o. The desired smoothing is
obtained by deforming the global section to the ones with only (two) simple
zeros.
There is also the possibility that the general member of W consists of three
irreducible components, but in this case F (W ) must coincide with a codimension
2 stratum and one can easily conclude that this case never occurs (under the
assumption cW = 2); in fact, the existence of the automorphism implies that 2 of
the 3 irreducible components of the general member of W should be isomorphic
to each other, but obviously general member of the stratum do not satisfy this
condition. Hence this case never occurs.
(iii) We prove that this case never occurs, by a case-by-case analysis.
Suppose that F (W ) coincides with an irreducible component of SingB0. Con-
sider first the case when the general member of W is an irreducible curve C
with 2 nodes equipped with n marked points and a non-trivial automorphism.
We prove that this case never occurs.
Taking the normalization of C, we obtain a family of smooth n pointed curves
of genus g − 2 equipped with non-trivial automorphisms. An easy dimension
computation implies that either the resulting pointed curves are not stable or
they constitute a codimension 0 twisted sector of the moduli stack Mg−2,n.
Moreover, if one takes two pairs of points on such a pointed curve, there must be
an automorphism which swaps the pairs. Thus we see that the only possibility is
(g, n) = (2, 0). However, such nodal curves involutions are degenerations of the
smooth genus 2 curves with HE involutions. This contradicts the assumption
that W is a connected component of the inertia stack.
Next we consider the case when the general member of W has two irreducible
components. Let the genera of the two components be g′ and g′′, respectively,
and S ′, S ′′ be the set of marked points on the respective components (so that
[n] = S ′
∐
S ′′). A moment’s reflection will convince one that the assumption
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cW = 2 implies that the automorphism of the general member does not exchange
the irreducible components. An easy consideration implies that this occurs if
and only if each of (g′, n′) and (g′′, n′′) is either (0, 1) or (1, 0). In any of the four
cases, the automorphism extends to HE involutions of smooth curves; therefore,
this does not yield a new twisted sector.
Now suppose that F (W ) 6⊂ SingB0, so that the general member of W is an
irreducible curve C with 1 node equipped with n marked points and a non-
trivial automorphism. We prove that this case does not occur.
Taking the normalization C˜ of C, we obtain a family of smooth n pointed curves
of genus g − 1 equipped with non-trivial automorphisms. An easy dimension
computation again implies that either the resulting pointed curve is not stable or
this yields a codimension 0 twisted sector of the moduli stackMg−1,n. Thus we
see that the only possibilities are (g, n) = (1, 1), (1, 2), (2, 0), (2, 1), (3, 0). The
case (1, 1) is excluded by the dimension reason. The case (1, 2) is excluded by the
following argument. Let (C, p, q) be a general member of F (W ). Then
(
C˜, p, q
)
is equipped with an automorphism ι which fixes p and q, and preserves the set of
2 points lying over the node. Hence ι2 = idC˜ , and it follows that (C, p, q) with
the involution admit smoothing to smooth genus 1 curves equipped with the
negation with respect to one of the 2 marked points such that the other marked
point is a 2-torsion point. This contradicts that W is a connected component
of the inertia stack.
The cases (2, 1), (3, 0) are excluded, since as in the case (1, 2) the only possi-
bility in these cases is a family of nodal curves with involution, and they are
degenerations of the family of smooth (pointed) curves with the negation and
the hyperelliptic involution, respectively.
Finally, the case (2, 0) is also excluded by the similar reasoning. In fact if C is
the general member of F (W ) equipped with an automorphism, one can check
that it should actually lift to the negation of the normalization C˜ (with respect
to an origin). Then it follows that the involution on C is nothing but the
degeneration of the hyperelliptic involution, which is a contradiction.

Corollary 3.18. Twisted sectors W ⊂ IMg,n of cW = 2 are classified as follows.
Note first that there are 4 typical twisted sectors as follows.
(I) A generic member of W is a smooth curve of genus 2 meeting in its Weierstrass point
with another smooth projective n-pointed curve of genus g − 2, equipped with the HE
involution (glued with the identity automorphism of the other component).
(II) A generic member ofW is a pointed smooth curve of genus 1 meeting in its Weierstrass
point with another smooth projective (n−1)-pointed curve of genus g−1, equipped with
the negation with respect to the marked point (glued with the identity automorphism
of the other component).
(III) A generic member of W is either E1728 or E0 meeting in a point with a n-pointed
smooth projective curve of genus g − 1, equipped with the CM automorphism (glued
with the identity automorphism of the other component).
26
(IV) A generic member of W is a stable curve of the form Γ = E1 ∪C ∪E2, where E1 and
E2 are smooth genus 1 curves glued to a smooth curve C of genus g−2 with n-marked
points, equipped with the simultaneous negation of the elliptic components (identity on
the component C).
The exact classification of the twisted sectors of codimension 2 is as follows.
(1) Assume either g ≥ 5, g ≥ 4 and n ≥ 1, g = 3 and n ≥ 2, g = 2 and n ≥ 3, or g = 1
and n ≥ 4. Then there is no twisted sector of cW = 2 other than (I),(II), (III) and
(IV).
(2) For (g, n) = (4, 0), there exists another twisted sector W of cW = 2 such that a
member of W ∩ F−1 (M4,0) is a hyperelliptic curve equipped with the hyperelliptic
involution.
(3) For (g, n) = (3, 1), there exists another twisted sectorW of cW = 2 such that a generic
point of W ∩ F−1 (M3,1) represents a hyperelliptic curve marked by a Weierstrass
point, equipped with the hyperelliptic involution.
(4) For (g, n) = (3, 0), there exists another twisted sectors W of cW = 2 other than (I),
whose general member is a double cover of an elliptic curve branched in two points,
equipped with the covering involution.
(5) For (g, n) = (2, 2), there exists another twisted sector W of cW = 2 such that a
member of W ∩F−1 (M2,2) is represented by a 2-pointed hyperelliptic curve such that
both of the marked points are Weierstrass points.
(6) For (g, n) = (2, 1), we have (II), (III), (IV) and another twisted sector W of cW = 2
such that a member of W ∩F−1 (M2,1) is represented by a double cover of an elliptic
curve branched in 2-points marked by a ramification point, equipped with the covering
involution.
(7) For (g, n) = (2, 0), there are 4 types of twisted sectors W of cW = 2 other than (II)
and (III). (cf. [Pag09, p.63, 64])
(a) A generic member of W is a triple cover of P1 branched at 4 points, equipped
with a covering transformation.
(b) A generic member of W is a Z/4-cover of P1 branched at 4 points, equipped with
a covering transformation.
(c) A generic member of W is a Z/6-cover of P1, equipped with a covering transfor-
mation.
(d) A generic member of W is a union C ′ ∪ C ′′, where C ′ is a CM curve and C ′′ is
a genus one curve, equipped with the CM automorphism and the negation.
(8) For (g, n) = (1, 3), there is another twisted sector W of cW = 2 other than (II) and
(III). A generic point of W ∩ F−1 (M1,3) is represented by (C, o, p, q), where (C, o)
is a smooth elliptic curve and p, q are 2-torsion points with respect to the origin o,
equipped with the negation with respect to o.
(9) For (g, n) = (1, 2), other than (III) there exists another twisted sector corresponding
to the curves E1728 and E0 with the corresponding CM automorphism, equipped with
two marked points which are fixed by the automorphism.
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The following table may be of use.
g\n 0 1 2 3 ≥ 4
1 NA NA (9) (8) (1)
2 (7) (6) (5) (1) (1)
3 (4) (3) (1) (1) (1)
4 (2) (1) (1) (1) (1)
≥ 5 (1) (1) (1) (1) (1)
(3.42)
Proof. This follows from Proposition 3.17, Lemma 3.16, and Summary 3.12 (3.35). 
3.5. The vanishing of contributions from the twisted sectors. We first discuss the
vanishing of the contributions from the twisted sectors W ⊂ IMg,n of cW = 1.
Proposition 3.19. Let W ⊂ IMg,n be the twisted sector with cW = 1 of common type as in
Corollary 3.15. Assume that (g, n) 6= (1, 2). Then the following cohomology vanishings hold.
(i) H1(W,NW/Mg,n) = 0.
(ii) H0(W,ΘW ⊗NW/Mg,n) = 0.
Proof. Let ρ : M1,1 × Mg−1,n+1 → W be the e´tale cover as in Lemma 2.13. Set X1 :=
M1,1, X2 :=Mg−1,n+1, and let pri : X1 ×X2 → Xi be the i-th projection for i = 1, 2.
(i) It is enough to show H1(X1 ×X2, ρ∗NW/Mg,n) = 0. Since we have ρ∗NW/Mg,n ≃ pr∗1ψ∨1 ⊗
pr∗2ψ
∨
n+1, we obtain
H1(X1 ×X2, ρ∗NW/Mg,n) ≃ H0(X1, ψ∨1 )⊗H1(X2, ψ∨n+1)
⊕H1(X1, ψ∨1 )⊗H0(X2, ψ∨n+1).
(3.43)
This is zero since ψ1, ψn+1 are nef and big by Lemma 2.11 and dimMg−1,n+1 > 0 by (g, n) 6=
(1, 2).
(ii) It is enough to show that H0(X1 × X2,ΘX1×X2 ⊗ ρ∗NW/Mg,n) = 0. This cohomology
group is isomorphic to H0(X1 ×X2, (pr∗1ΘX1 ⊕ pr∗2ΘX2)⊗ (pr∗1ψ∨1 ⊗ pr∗2ψ∨n+1)), which is zero
since we have H0(X1, ψ
∨
1 ) = 0 and H
0(X2, ψ
∨
n+1) = 0 by Lemma 2.11 and dimMg−1,n+1 > 0
by (g, n) 6= (1, 2). 
Next we compute the cohomology group H0(W,∧2NW/Mg,n) for the twisted sectors W ⊂
IMg,n of cW = 2 such that F (W ) ⊂ B ⊂Mg,n as follows.
Proposition 3.20. Let W ⊂ IMg,n be a twisted sector of cW = 2 of type (I), (II), (III), or
(IV) in Corollary 3.18. Assume that (g, n) 6= (2, 2), (1, 3), (1, 2). Then H0
(
W,∧2NW/Mg,n
)
=
0.
Proof. (I) Let X1 := M2,1, X2 := Mg−2,n+1 and W 1 ⊂ X1 be the Weierstrass divisor. Let
w : W˜ := W ×B2:∅ (X1 ×X2)→W be the base change morphism, which is easily seen to be
finite and e´tale. Since W 1×X2 is smooth, the canonically induced morphism W˜ →W 1×X2
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is an isomorphism. Hence we have an isomorphism
w∗ ∧2 NW/Mg,n ≃ ∧2NW˜/Mg,n ≃ NW 1×X2/X1×X2 ⊗NX1×X2/Mg,n
≃ pr∗1NW 1/X1 ⊗
(
ψ∨1 ⊠ ψ
∨
n+1
)
≃ (NW 1/X1 ⊗ ψ∨1 |W 1)⊠ ψ∨n+1,
(3.44)
where pr1 : W
1 × X2 → W 1 is the first projection. Thus, by the Ku¨nneth formula and the
fact that ψn+1 is nef and big, we obtain H
0(W,∧2NW/X) = 0 except when (g, n) = (2, 2).
(II) Let W 2 ⊂M1,2 be the divisor whose general point represents a pointed curve (C; p1, p2)
such that OC(p1−p2) is 2-torsion. Then the twisted sectorW in this case admits a birational
finite morphism onto the divisor W 2 ×Mg−1,n ⊂ M1,2 ×Mg−1,n. By this description, we
can compute H0(W,∧2NW/X) = 0 as in (I) except when (g, n) = (1, 3).
(III) Let W 3 ⊂ M1,1 be a divisor (point) corresponding to either E1728 or E0. Then, in
this case, W is a divisor W 3 × Mg−1,n+1 ⊂ M1,1 × Mg−1,n+1. Hence we can also show
H0(W,∧2NW/X) = 0 as in (I) except when (g, n) = (1, 2); one can also settle this case by
noting that NW3/M1,1 corresponds to the non-trivial characters of the stabilizer groups of the
points corresponding to E1728 and E0.
(IV) Let W 4 be the normalization of the divisor B1:1 ⊂ Mg−1,n+1, which hence admits an
isomorphism Mg−2,n+2 ×M1,1 ≃ W4. With these notation, W in this case is isomorphic to
M1,1 ×W 4
(⊂M1,1 ×Mg−1,n+1). Hence we can also check H0(W,∧2NW/X) = 0 as in (I)
by using that ψ1 is nef and big on M1,1. 
Combining the results obtained above, we get the following conclusion. The case (g, n) =
(1, 1) is settled by the reason dimM1,1 = 1, which in particular implies that a codimension 1
twisted sector is just a stacky point and hence the two cohomology groups in Proposition 3.19
vanish by the trivial reasons.
Corollary 3.21. The 2nd Hochschild cohomology of M 0,n vanishes for all n 6= 5, and it is
of dimension 6 when n = 5.
For g ≥ 1, if Question 2.23 on the HKR decomposition for DM stacks is affirmatively
answered, then the 2nd Hochschild cohomology of Mg,n vanishes for all (g, n) except possibly
for the following 8 cases:
(g, n) = (4, 0), (3, 1), (3, 0), (2, 2), (2, 1), (2, 0), (1, 3), (1, 2). (3.45)
3.6. Discussion on the remaining cases. We expect that the 8 exceptions in (3.45) are
merely technical, in the sense that the vanishing of the 2nd Hochschild cohomology should
be the case also in those cases. In order to show the vanishing, we need more negativity
results for the normal bundles and the tangent bundles of particular loci in Mg,n for lower
(g, n).
In order to summarize our results so far, we describe HH2
(Mg,n) as a direct sum of sheaf
cohomology groups (which we expect to be vanishing) for those exceptional (g, n), again
assuming Question 2.23.
Corollary 3.22. Assume that Question 2.23 is answered affirmatively. Then we have the
following isomorphisms for the 2nd Hochschild cohomology groups of Mg,n for the 8 excep-
tional (g, n) of (3.45).
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(1) (g, n) = (4, 0). Let W ⊂ IM4,0 be the twisted sector of cW = 2 whose general
point represents a HE curve equipped with the HE involution. Then HH2
(M4,0) ≃
H0
(
W,∧2NW/M4,0
)
.
(2) (g, n) = (3, 1). Let W ⊂ IM3,1 be the twisted sector of cW = 2 whose general
point represents a HE curve with a Weierstrass marked point equipped with the HE
involution. Then HH2
(M3,1) ≃ H0 (W,∧2NW/M3,1).
(3) (g, n) = (3, 0). Let W ⊂ IM3,0 be the twisted sector of cW = 1 whose general
point represents a HE curve equipped with the HE involution, and W ′ ⊂ IM3,0
be the twisted sector of cW ′ = 2 whose general point represents a bielliptic curve
equipped with the covering involution. Then HH2
(M3,0) ≃ H0 (W,∧2NW/M3,0) ⊕
H0
(
W ′,∧2NW ′/M3,0
)
.
(4) (g, n) = (2, 2). Let W ⊂ IM2,2 be the twisted sector (I) of cW = 2, and W ′ ⊂ IM2,2
be the twisted sector of cW ′ = 2 whose general point represents a smooth curve with
two Weierstrass marked points, equipped with the HE involution. Then HH2
(M2,2) ≃
H0
(
W,∧2NW/M2,2
)
⊕H0
(
W ′,∧2NW ′/M2,2
)
.
(5) (g, n) = (2, 1). Let W ⊂ IM2,1 be the twisted sector of cW = 1 whose general
point represents a smooth curve with a Weierstrass marked point equipped with the
HE involution. Let W ′ ⊂ IM2,1 be the twisted sector of cW ′ = 2 whose general
point represents a bielliptic curve with an invariant marked point, equipped with the
covering involution. Then
HH2
(M2,1) ≃ H1 (W,NW/M2,1)
⊕H0
(
W,ΘW ⊗NW/M2,1
)
⊕H0
(
W ′,∧2NW ′/M2,1
)
.
(3.46)
(6) (g, n) = (2, 0). Let B ⊂ IM2,0 be the twisted sector of cB = 2 whose general point rep-
resents a bielliptic curve equipped with the covering involution. LetW a,W b,W c,W d ⊂
IM2,0 be the twisted sectors of codim 2 corresponding to the classification (7).
Then
HH2
(M2,0) ≃ H0 (B,∧2NB/M2,0)⊕H0 (W a,∧2NW a/M2,0)⊕
H0
(
W b,∧2NW b/M2,0
)
⊕H0
(
W c,∧2NW c/M2,0
)
⊕H0
(
W d,∧2NW d/M2,0
)
.
(3.47)
(7) (g, n) = (1, 3). Let W 2 ⊂ IM1,3 be the twisted sector (II) of cW 2 = 2, and let
W ′ ⊂ IM1,3 be the twisted sector of cW ′ = 2 whose general point represents an
elliptic curve with two more 2-torsion marked points, equipped with negation. Then
HH2
(M1,3) ≃ H0 (W 2,∧2NW 2/M1,3)⊕H0 (W ′,∧2NW ′/M1,3) . (3.48)
(8) (g, n) = (1, 2). Let W ⊂ IM1,2 be the twisted sector of cW = 1 whose general point
represents a smooth curve with two marked points whose difference is two-torsion
in the Picard group, equipped with the negation. Let W ′ ⊂ IM1,2 be the twisted
sector of cW ′ = 1 of common type. Let W
CM ⊂ IM1,2 be the twisted sector of
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cWCM = 2 consisting of points representing either E1728 and E0 with two invariant
marked points, equipped with a CM automorphism. Finally, let W 3 ⊂ IM1,2 be the
twisted sector (III) of cW 3 = 2. Then
HH2
(M1,2) ≃ H1 (W,NW/M1,2)⊕H0 (W,ΘW ⊗NW/M1,2)
⊕H1
(
W ′,NW ′/M1,2
)
⊕H0
(
W ′,ΘW ′ ⊗NW ′/M1,2
)
⊕H0
(
WCM ,∧2NWCM/M1,2
)
⊕H0
(
W 3,∧2NW 3/M1,2
)
.
(3.49)
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